paper is a geometric study of the observer design for discrete-time nonlinear systems. First,, we obtain necessary and sufficient conditions for local exponential observers for Lyaupnov stable discrete-time nonlinear systems. We also show that the definition of local exponential observers can be considerably weakened for neutrally stable discrete-time nonlinear systems. As an application of our local observer design, we consider a class of discrete-time nonlinear systems with an input generator (ezosystem) and show that for this class of nonlinear systems, under some stability assumptions, the existence of local exponential observers in the presence of inputs implies and is implied by the existence of local exponential observers in the absence of inputs.
INTRODUCTION
The problem of designing observers for nonlinear systems was introduced by Thau [l] . Over the past three decades, considerable attention has been paid in the literature to the construction of observers for nonlinear systems. This paper is a discrete-time version of our recent work [2] . Our discrete-time calculations are very much in the spirit of [3] . As pointed out in [2] , the "separation principle" [4, 5] for nonlinear systems states that if a state feedback system is exponentially, or even critically asymptotically stable and if an exponentially good state estimator is known, then the composite feedback-state estimator scheme is locally asymptotically stable at the origin. Furthermore, elementary counterexamples to such a such a "separation principle" when the error is only critically 'asymptotically stable are known [5] . It is for this reason, that the existence and construction of local exponential observers is of crucial importance in nonlinear observer design. This paper is organized as follows. In Section 2, we give the basic definition for local exponential observers for discrete-time nonlinear systems. In Section 3, we characterize the local exponential observers for unforced systems which are Lyapunov stable at the origin. In Section 4, we establish that the definition of local exponential observers can be weakened for neutrally stable discretetime nonlinear systems. Finally, in Section 5, we extend our results to a class of discrete-time nonlinear systems with inputs, and establish that for this class of nonlinear systems, under some stability assumptions, the existence of local exponential observers in the presence of inputs implies, and is implied by the existence of local exponential observers in the absence of inputs.
DEFINITIONS
In this paper, we consider a discrete-time nonlinear plant of the form
where z E R" is the state, u E Wm the input, and y E I@' the output of plant (1) . The state z
belongs to an open neighborhood X of the origin of R", and the input mapping u takes values in an open neighborhood U of the origin of Iw m. We assume that F : X x U -+ R" is a C' map and also that F(O,O) = 0. We also assume that the output mapping h : X + I@' is a C' map, and also that h(0) = 0. Let Y b h(X). We suppose that the system inputs u belong to a class of functions U.
is called a local exponential observer for plant (1) if the composite system (l),(2) satisfies the following two requirements.
I. If x0 = ~0, then Xk = Zk, V k E 2+ and vu. E L4, where Z+ denotes the set of all positive integers. II. There exists a neighborhood V of the origin of IlP such that for all ~0 -x0 E V, we have for some constants A4 and a with A4 > 0 and 0 < a < 1. I REMARK 1. There are some important cases of interest included in Definition 1. First, the case U = (0) corresponds to the problem of finding local observers for unforced discrete-time systems, which is treated in Section 3. Other important cases of interest are constant inputs, and periodic inputs with any given period, both of which are treated in Section 5. I
The estimation error e is defined by ebz-x:.
Then e satisfies the difference equation
We consider the composite system 
Next, we state a simple lemma which provides a geometric characterization of Condition (I) in 
LOCAL EXPONENTIAL OBSERVERS FOR UNFORED SYSTEMS
In this section, we study the problem of finding local exponential observers for unforced systems.
So, we suppose that U = (0). When the input u is set equal to zero, plant (1) We denote
,
Next, we state a fundamental theorem that completely characterizes the existence of local exponential obsevers of form (5) for Lyapunov stable nonlinear plants of form (4) . This theorem can be established using center manifold theory as in [3] . However, we state and prove a more general theorem in Section 5 using Lyapunov stability theory.
THEOREM
1. Suppose that the plant dynamics in the discrete-time nonlinear plant (4) is Lyapunov stable at the equilibrium x = 0. Then system (5) Next, as an application of Theorem 1, we state and prove a simple construction procedure for local exponential observers for Lyapunov stable plants of form (4) . First, we state a necessary condition which is similar to a necessary condition obtained in the continuous-time case by Xia and Gao [6] .

2.
If the discrete-time plant (4) has a local exponential observer, then the system linearization pair (C, A) must be detectable. I Next, we show that the above necessary condition is, in fact, sufficient if the plant dynamics in (4) is Lyapunov stable at x = 0. (4) is Lyapunov stable at x = 0, and suppose also that for some n x p matrix K, A -KC is convergent, i.e., all the eigenvalues of A -KC lie in the open unit disc of the complex plane. Then the system defined by
THEOREM 3. Suppose that the plant dynamics in
is a local exponential observer for plant (4) 
. Thus, if the system linearization pair (C, A) is detectable, there always exists a local exponential observer of form (8) for the discrete-time plant (4). I
PROOF.
It is easy to check that and the candidate observer (8) satisfies Conditions (a) and (b) in Theorem 1. I We combine the two previous theorems to obtain a necessary and sufficient condition for a Lyapunov stable system to have a local exponential observer as follows. THEOREM 4. If the plant dynamics in the discrete-time plant (4) is Lyapunov stable at the origin, then a necessary and sufficient condition for plant (4) to have a local exponential observer is that the system linearization pair (C, A) is detectable. I
EXISTENCE OF LOCAL EXPONENTIAL OBERVERS FOR NEUTRALLY STABLE SYSTEMS
As in the output regulation of nonlinear systems [7] , Condition I in Definition 1 which states that the zero error manifold is itself invariant can be considerably weakened in some cases. We note that all that is needed for asymptotic observation is the existence of an attractive, invariant submanifold contained in the zero error submanifold.
DEFINITION 2. We say that the plant dynamics 2kfl = f(~k) is neutrally stable at x = 0, if it is Lyapunov stable at x = 0 and, for some neighborhood Q of x = 0, the set Q of all positive limit points of all trajectories which are initialized in Q is such that R n Q is dense in Q. I
The next result says that if the unforced plant dynamics is neutrally stable, then the definition for local exponential observers can be weakened for this plant. This result can be easily established using center manifold theory as in [ 11.
THEOREM 5. Suppose that the plant dynamics in the discrete-time plant (4) is neutrally stable at x = 0. Then any system of form (5) satisfying Condition I1 also satisfies Condition I in Definition 1
for local exponential observers, and hence, is a local exponential observer for plant (4). I
LOCAL EXPONENTIAL OBSERVERS FOR A CLASS OF NONLINEAR SYSTEMS WITH INPUTS
In this section, we suppose that the class U consists of inputs u(.) of the form
where w satisfies the autonomous system (exosystem)
Wk+l= s (wk). w
The state w of the exosystem (10) lies in an open neighborhood W of the origin in IF'. One can view equations (10) and (9) as an input generator. Thus, we consider a class of discrete-time nonlinear systems with inputs of the form
where x is the state and y the output of the plant. We suppose that F, r, s, and h are all C1 maps
and also that F(O,O) = 0, r(0) = 0, s(0) = 0, and h(0) = 0.
In this paper, we assume that the exosystem dynamics (10) is Lyapunov stable. Thus, the class of inputs that we consider in this paper include the important cases of constant inputs, and periodic inputs with any given period. The candidate observer (2) defined in Definition 1 takes the form 
The error vector e % z -x now satisfies the difference equation
ek+l = G&k + ek, h(lCk),T(Wk)) -F(Zk,r(Wk)).
(13)
The composite system (3) takes the form 
(14)
We denote the linearization matrices of plant (11) When w is set equal to zero, (i.e., when no input is present), plant (11) reduces to xk+l = F (xk, 0) ,
Next, we state and prove a fundamental theorem that completely characterizes the existence of local exponential observers of form (12) for Lyapunov stable plants of form (11). THEOREM 6. Suppose that the dynamics in the discrete-time plant (11) is Lyapunov stable at (x, w) = (0,O). Then system (12) is a local exponential observer for plant (11) is convergent. Hence, there exists a real, symmetric, positive definite matrix P solving the discrete-time matrix Lyapunov equation
ETPE -P = -I. (18)
To show that the error dynamics (13) Thus, choosing E sufficiently small, V(V) can be made.a negative definite function in a small open neighborhood of e = 0. Hence, it follows from Lyapunov stability theory that e = 0 is a locally exponentially stable equilibrium for (13). This completes the proof. I
As an application of Theorem 6, we establish the following result which states that when the plant dynamics in (11) is Lyapunov stable at (z:, w) = (0, 0), the existence of a local exponential observer for plant (11) in the presence of inputs implies and is implied by the existence of a local exponential observer for plant (11) in the absence of inputs. is a local exponential observer for plant (11). I PROOF. The first part of this theorem is straightforward. So, we prove only the converse. For this, suppose that (20) is a local exponential observer for the unforced plant (15). We will establish that the system defined by (21) is a local exponential observer for plant (11). Since the plant dynamics in (11) is Lyapunov stable at (5, w) = (0, 0), it suffices to show that the candidate observer (21) satisfies Conditions (a) and (b) in Theorem 6. Using the definition of G(z, y, T(W)) in (21), we find that
Since ( 
is a local exponential observer for plant (11).
Next, we illustrate our construction procedure with an example. 
